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ON THE DYNAMICAL SYMMETRIC ALGEBRA OF 
AGEING: LIE STRUCTURE, REPRESENTATIONS AND 
APPELL SYSTEMS 



MALTE HENKEL * RENE SCHOTTj STOIMEN STOIMENOV * 
JEREMIE UNTERBERGER § 

The study of ageing phenomena leads to the investigation of a maximal parabolic 
subalgebra of conf 3 which we call alt. We investigate its Lie structure, prove some 
results concerning its representations and characterize the related Appell systems. 



1. Introduction 

Ageing phenomena occur widely in physics: glasses, granular systems or 
phase-ordering kinetics are just a few examples. While it is well-accepted 
that they display some sort of dynamical scaling, the question has been 
raised whether their non-equilibrium dynamics might posses larger symme- 
tries than merely scale-invariance. At first sight, the noisy terms in the 
Langevin equations usually employed to model these systems might ap- 
pear to exclude any non-trivial answer, but it was understood recently that 
provided the deterministic part of a Langevin equation is Galilei- invariant, 
then all observables can be exactly expressed in terms of multipoint corre- 
lation functions calculable from the deterministic part only. 7 It is therefore 
of interest to study the dynamical symmetries of non-linear partial dif- 
ferential equations which extend dynamical scaling. In this context, the 
so-called Schrodinger algebra scf) has been shown to play an important role 
in phase-ordering kinetics. In what follows we shall restrict to one space 
dimension and we recall in figure 1 through a root diagram the definition 
of set) as a parabolic subalgebra of the conformal algebra conf 3 . 6 
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Figure 1. (a) Root diagram of the complexified conformal Lie algebra (conf 3 )c and the 
labelling of its generators. The double circle in the center denotes the Cartan subalgebra. 
The generators of the maximal parabolic subalgebras (b) scf) and (c) alt are indicated 
by the filled dots. 



2. A brief perspective on the algebra alt 

There is a classification of semi-linear partial differential equations with 
a parabolic subalgebra of conf 3 as a symmetry. 9 Here we shall study the 
abstract Lie algebra alt, which is the other maximal parabolic subalgebra 
of conf 3 (see figure 1) and its representations; we shall also see that, like 
the algebra set), it can be embedded naturally in an infinite-dimensional 
Lie algebra W which is an extension of the algebra Vect(S' 1 ) of vector fields 
on the circle. Quite strikingly, we shall find on our way a 'no-go theorem' 
that proves the impossibility of a conventional extension of the embedding 
alt C conf 3 . 

2.1. The abstract Lie algebra alt 

Elementary computations make it clear that (see figure 1 and D = 2X a — N) 

ali=(V+,D,Y_ i ) x (X 1 ,Y h7 M ) :=«xf) (1) 

is a semi-direct product of g ~ sl(2, R) by a three-dimensional commutative 
Lie algebra (); the vector space f) is the irreducible spin-1 real representa- 
tion of sl(2,R), which can be identified with s[(2,M) itself with the adjoint 
action. So one has the following 
Proposition 2.1: 

(1) att~s[(2,R) ®R[e]/e 2 , where e is a 'Grassmann' variable; 

(2) att ~ p3 where p 3 ~ so(2, 1) k R 3 is the relativistic Poincare algebra 
in (2+1) -dimensions. 
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Proof : The linear map $ : alt -> sl(2, M) ® M[e]/e 2 denned by 
$(V+) = Li, *(£>) = L 0) = L_i 

- ±L?, $(yi) = Lg, $(M ) - Lii 

is easily checked to be a Lie isomorphism. □ 
In particular, the representations of alt ~ p3 are well-known since 
Wigncr studied them in the 30'es. 

2.2. Central extensions: an introduction 

Consider any Lie algebra a and an antisymmetric real two-form a on 
0. Suppose that its Lie bracket [ ,] can be 'deformed' into a new Lie 
bracket [ ,] on g := g x RK, where [K,g] = 0, by putting [{X,0), (Y,0)] = 
([X,Y],a(X,Y)). Then g is called a central extension of g. The Jacobi 
identity is equivalent with the nullity of the totally antisymmetric three- 
form da : A 3 (g) — > R defined by 

da(X,Y,Z) = a([X,Y],Z) + a([Y,Z],X) + a([Z,X},Y). 

Now we say that two central extensions 0i,02 of g defined by ai,a>2 are 
equivalent if 02 can be gotten from 0i by substituting (X, c) ^ (X, c + 
X(X)) (X G g) for a certain 1-form A e 0*, that is, by changing the non- 
intrinsic embedding of into Qi. In other words, ot\ and ot-2 are equivalent 
if a 2 — a\ = dA, where d\(X, Y) = (A, [X, Y]). The operator d can be made 
into the differential of a complex (called Chevalley-Eilenberg complex), and 
the preceding considerations make it clear that the classes of equivalence 
of central extensions of make up a vector space H 2 (g) = Z 2 (g)/B 2 (g), 
where Z 2 is the space of cocycles a e A 2 (0*) verifying da = 0, and B 2 is 
the space of coboundaries dA, A £ g*. We have the well-known 
Proposition 2.2: The Lie algebra alt has no non-trivial central extension: 
H 2 {a\t) = 0. 

All this becomes very different when one embeds alt into an infinite- 
dimensional Lie algebra. 

2.3. Infinite- dimensional extension of alt 

The Lie algebra Vect(S' 1 ) of vector fields on the circle has a long story in 
mathematical physics. It was discovered by Virasoro 10 in the 70'es that 
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Vect(5 1 ) has a one-parameter family of central extensions which yield the 
so-called Virasoro algebra 

trit := Vcct^ 1 ) © RK = ((L n ) n& , K) (2) 

with Lie brackets 

[K, L n ] = 0, [L n , L m ] = (n - m)L n+m + S n+mfi c n(n 2 - l)K (c G R) 

When c = 0, one retrieves Vect(S' 1 ) by identifying the (L n ) with the 
usual Fourier basis (e m$ d6) ne z of periodic vector fields on [0, 2n}, or with 
— Z " +1 (T2 w * tn z -~ &lt '■ Note in particular that £o, -^l) is isomor- 

phic to s[(2,R), and that the Virasoro cocycle restricted to s[(2,R) is 0, as 
should be (since st(2,R) has no non-trivial central extensions). 

It is tempting to embed alt ~ sl(2, R) ® R[e]/e 2 into the Lie algebra 

W := Vcct^ 1 ) ® R[e]/e 2 = (L n ) neZ k (L e n ) n& , (3) 

with Lie brackets 

[L n , L m ] = (n - m)L„ +m , [L n , Z£J = (n - m)L e n+m , [L* , Z£J = 0. 

These brackets come out naturally putting W in the 2 x 2-matrix form 

leading to straightforward generalizations (there exists a deformation of so 
that can be represented as upper-triangular 3x3 Virasoro matrices 8 ). 

In terms of the standard representations of Vect(S' 1 ) as modules of a- 
densitics T a = {u(z)(dz) a } with the action 

f{z )± (u(z)(dz) a ) = (/«' + afu)(z)(dzr, (5) 

we have 

Proposition 2.3: W ~ Vect(S' 1 ) K 

There are two linearly independent central extensions of W: 

1. the natural extension to W of the Virasoro cocycle on Vcct(S' 1 ), 
namely [,] = [, ] except for [L n , L_ n ] = n(n 2 — l)K+2nLo. In other words, 
Vect(S' 1 ) is centrally extended, but its action on T-\ remains unchanged; 

2. the cocycle lo which is zero on A 2 (Vect(S' 1 )) and A 2 (J r _ 1 ), and defined 
by w(L n , L e m ) = S n+mfi n(n 2 - 1)K on Vcct(5' 1 ) x T-\. 

A natural related question is: can one deform the extension of Vect(5 1 ) 
by the Vect(S' 1 )-module T-\ ? The answer is: no, thanks to the triviality 35 



February 2, 2008 1:34 Proceedings Trim Size: 9in x 6in 



levicoprococt205 



5 



of the cohomology space H 2 (Vect(S 1 ), T-f). Hence, any Lie algebra struc- 
ture [ , ] on the vector space Vect(S 1 )(B^F-i such that 



[{X, 0), (Y, ^)] - ([X, r] Voct(sl) , ad Vcct(sl) X.^ - advect(si)^ + B(X, Y)) 



is isomorphic to the Lie structure of W (where B is an antisymmetric two- 
form on Vect(S' 1 )). So one may say that W and its central extensions are 
natural objects to look at. 

2.4. Some results on representations of W 

We now state two results which may deserve deeper thoughts and will be 
developed in the future. 

Proposition 2.4 ('no-go theorem'): There is no way to extend the usual 
representation of alt as conformal vector fields into an embedding ofW into 
the Lie algebra of vector fields on R 3 . 

Proposition 2.5: The infinite- dimensional extension W of the algebra atti 
is a contraction of a pair of commuting Virasoro algebras trit tnt — > W. 
In particular, we have the explicit differential operator representation 



where x and 7 are parameters and n e Z. 
3. Appell systems 

Definition 3.1. Appell polynomials {h n (x);n 6 N} on R are usually char- 
acterized by the two conditions 

• h n (x) are polynomials of degree n, 

• Dh n (x) = nh n -i(x), where D is the usual derivation opertor. 
Interesting examples are furnished by the shifted moment sequences 



where p is a probability measure on R with all moments finite. 
This definition generalizes to higher dimensions. On non-commutative al- 
gebraic structures, the shifting corresponds to left or right multiplication 
and in general, {h n } is not a family of polynomials. We shall call it Appell 



L n = -t n+1 d t + {n + l)t n rd r - (n + l)xt 
L £ n = -t n+1 d r - (n + 1)7*" 



.n 



n(n + l)7i' 



(6) 
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Appell systems of the Schrodinger algebra scf) have been investigated 1 but 
the algebra alt requires a specific study, alt has the following Cartan de- 
composition: 

alt = W@Si®£; = {Y 1 ,X 1 }®{Yo,Xo}®{Y- 1 ,X- 1 } (7) 

and there is a one to one correspondence between the subalgebras *P and 

£. Write X e alt in the form X = Y^=i a i^ii where {6j, i = 1, . . . , 6} is a 

basis of alt. The ai are called coordinates of the first kind. 

Here we use the basis b\ = Y\, b 2 = X\, fe 3 = Yq, b 4 = Xq, b 5 = 

b(j = Yi . Let ALT be the simply connected Lie group corresponding to alt. 

Group elements in a neighbourhood of the identity can be expressed as 

e x = e Albl . . . e Aebe 

The Ai are called coordinates of the second kind. 

Referring to the decomposition (7), we specialize variables, writing 
Vi, V2, -Bi, £?2 for Ai, A 2 , A 5 , A 6 respectively. Basic for our approach is to 
establish the partial group law: e BiY- 1 +B 2 x_ le v 1 Y 1 +v 2 x 1 =? We get 



B1Y-1+B2X-1 



and finally: 




B 2 





0\ 
-B 1 

B 2 0j 



V 1 Y 1 +V 2 X 1 = 



/o V 2 0V 1 \ 


v 2 

\o J 



(8) 



e B 1 Y- 1 +B 2 X- le V 1 Y 1 +V 2 X 1 



V 



1 

B 2 1 







v 2 

B 2 V 2 











-B 1 -B 2 V 1 - B X V 2 
1 V 2 
-B 2 1 — B 2 V 2 



(9) 



Proposition 3.1. In coordinates of the second kind, we have the Leibnitz 
formula, 

5 (0, 0, 0, 0, B u B 2 )g(V u V 2 ,0, 0, 0, 0) - g(A u A 2 , A 3 , A 4 ,A 5 ,A 6 ) = 



Vo 



{1 - B 2 v 2 y {1 - B 2 v 2 y 

B 1 - 1B X B 2 V 2 - B\V X 



t B 1 V 2 + B 2 V 1 
' (l-B 2 V 2 ) 



2ln(l - B 2 V 2 ), 



(10) 



B 9 



(i-B 2 v 2 y '(1-B2V2)' 

Now we are ready to construct the representation space and basis-the canon- 
ical Appell system. To start, define a vacuum state fl. The elements Y\,X\ 
of can be used to form basis elements 

\jk) = Yjx*n,j,k>o (it) 
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of a Fock space # = sp&n{\jk)} on which Y\,X\ act as raising operators, 
Y_i,X_i as lowering operator and Y ,X as multiplication with the con- 
stants 7, a; (up to the sign) correspondingly. That is, 

Yifl = |10),Xif2 = |01) 

= o,x_iO = o (12) 

Y n = - 7 |00),X O = -z|00) 

The goal is to find an abelian subalgebra spanned by some self adjoint 
operators acting on representation space, just constructed. Such a two- 
dimensional subalgebra can be obtained by an appropriate "turn" of the 
plane ?p in the Lie algebra, namely via the adjoint action of the group 
element formed by exponentiating X-\. The resulting plane, typ say, is 
abelian and is spanned by 

?! = e^-'Y^-^- 1 = Yi - 2[3Y + (3 2 Y^ 
Xi = ePX-'X^- 13 *- 1 =Xi- 2[3X Q + (3 2 X-i (13) 

Next we determine our canonical Appell systems. We apply the Leibniz 
formula (10) with B x = 0,B 2 = (3, V 1 =z 1 ,V 2 = z 2 and (12). This yields 

e ziYi e *2Xi n = e 0X- leZl Y le z 2 X le -0X_ in = e 0X. leZl Y leZ2 X lQ = 

*1 Y 1 Z2*l 2t^£1 

= e( i-^ 2 ^ e ii=^5T e Ti=^5T(i - /3z 2 )~ 2x n (14) 



To get the generating function for the basis \jk) set in equation (14) 

_zi f2 

(l-/3z 2 ) 2 ' W2_ (l-(3z 2 ) 

Substituting throughout, we have 



Vl = ~ — ^r\2' W2 = 7j — ^z~\ ( 15 ) 



Proposition 3.2. The generating function for the canonical Appell system, 
\jk) = YfX^n is 

(i + (3v 2 )- 2x n (16) 



where we identify Y\Q, = y\-l and X\Q. = y 2 -1 in the realization as function 
of 2/1,2/2- 

With v\ — 0, we recognize the generating function for the Laguerre poly- 
nomials, while v 2 = reduces to the generating function for Hcrmitc poly- 
nomials. 



February 2, 2008 1:34 Proceedings Trim Size: 9in x 6in 



levicoprococt205 



8 

References 

1. P. Feinsilver, Y. Kocik and R. Schott, Representations of the Schrddinger 
Algebra and Appell Systems, Progress of Physics, 52 (2004) 343-359. 

2. P. Feinsilver and R. Schott, Algebraic Structures and Operator Calculus, 
Vol., 3: Representations of Lie Groups. Kluwer Academic Publishers, Dor- 
drecht, 1993. 

3. D. B. Fuks, Cohohomology of infinite-dimensional Lie algebras, Contempo- 
rary Soviet Mathematics, Consultants Bureau, New York, 1986. 

4. M. Henkel, R. Schott, S. Stoimcnov and J. Unterberger, On the dynami- 
cal symmetric algebra of ageing: Lie structure, representations and Appell 
systems. Prepublication Institut Elie Cartan, 2005. 

5. L. Guieu, C. Roger, preprint, available on 

http : / / www . math . univ-montp2 . f r/~guieu/The_Virasoro_Pro j ect /Phase 1/. 

6. M. Henkel, J. Unterberger, Schrddinger-invariance and space-time symme- 
tries, Nuclear Physics B660 (2003) 407-435. 

7. A. Picone and M. Henkel, Local scale-invariance and ageing in noisy systems, 
Nuclear Physics B688 (2004) 217-265. 

8. C. Roger and J. Unterberger, in progress (2005). 

9. S. Stoimenov and M. Henkel, Dynamical symmetries of semi-linear 
Schrddinger and diffusion equations, Nuclear Physics B723 (2005) 205-233. 

10. M. Virasoro, Phys. Rev. Dl, 2933-2936 (1970). 



